ABSTRACT: This study shows economic oscillations due to periodic changes in some parameters in the economic model proposed by Zhang (2014 
INTRODUCTION
This paper is concerned with business cycles and economic fluctuations. The existence of business cycles is confirmed both in empirical studies and theoretical models (Zhang 1991 (Zhang , 2005 (Zhang , 2006 Lorenz 1993; Chiarella and Flaschel 2000; Shone 2002; Gandolfo 2005; Puu 2011 ). Nonlinear dynamic analysis has been widely applied to economics to help economists to identify business cycles in different economic systems (Lucas 1977; Chatterjee and Ravikumar 1992; Stella 2015) . Nevertheless, there are only a few theoretical models that identify fluctuations due to dynamic interdependence between economic growth, economic structural change and wealth accumulation in a heterogeneoushousehold economy. This study attempts to provide another contribution to the literature by identifying economic fluctuations in a general equilibrium dynamic model. The model in this study is a generalization of the model proposed by Zhang (2014) , which is based on Solow's one-sector growth model, Uzawa's tw-sector growth model, and general equilibrium theory. The main mechanisms of neoclassical economic theory growth and general equilibrium theory are integrated in a single framework.
This study is based on the Walrasian general equilibrium theory of pure exchange and production economies (e.g., Walras 1874; Arrow and Debreu, 1954; Gale 1955; Nikaido 1956 Nikaido , 1968 Debreu 1959; McKenzie 1959; Arrow and Hahn 1971; Arrow 1974; and Mas-Colell et al 1995) . The theory is mainly concerned with market equilibrium with economic mechanisms of production, consumption, and exchanges with heterogeneous industries and households. The model in our study is Walrasian in the sense that for given levels of wealth there are competitive market equilibriums with heterogeneous industries and households (e.g., Morishima 1964 Morishima , 1977 Diewert 1977; Eatwell 1987; Dana et al. 1989; Jensen and Larsen 2005; Montesano 2008; Impicciatore et al. 2012) . The wealth and production side of our model are based on the neoclassical growth theory (e.g., Solow 1956; Burmeister and Dobell 1970; and Barro and Sala-i-Martin 1995) . Although this study follows Uzawa's two sector growth model in describing capital accumulation and economic structure (Uzawa 1961; Stiglitz 1967; Drugeon and Venditti 2001; Jensen, 2003) , we deviate from the traditional approach in modelling the behaviour of households by following Zhang's utility function. It should be noted that the model proposed by Zhang (2014) also studies dynamic interdependence between economic growth and land value change. The literature on house and land prices has been increasingly expanding in recent years (e.g., Case and Quigley 1991; Chinloy 1992; Clapp and Giaccotto 1994; Calhoun, et al 1995; Quigley 1995; Capozza and Seguin 1996; Cho 1996; Alpanda 2012; Du and Peiser 2014; Kok et al. 2014) . Most of these studies are empirical. There are only a few formal growth models with endogenous land values. As recently noted by Liu et al. (2011: 1) , "Although it is widely accepted that house prices could have an important influence on macroeconomic fluctuations, quantitative studies in a general equilibrium framework have been scant." This study makes a contribution to the literature on land value oscillations by allowing the time-independent parameters in Zhang's model (Zhang 2014) to be time-dependent. This paper is organized as follows. Section 2 develops the growth model of wealth and income distribution with land distribution and housing. Section 3 examines dynamic properties of the model and simulates the model. Section 4 carries out comparative dynamic analysis. Section 5 concludes the study. The Appendix proves the results in section 3.
THE GROWTH MODEL OF ECONOMIC STRUCTURE AND HETEROGENEOUS HOUSEHOLDS
This section generalizes the general equilibrium dynamic growth model with heterogeneous households and land proposed by Zhang (2014) by allowing all the time-independent parameters to be time-dependent. By the generalization we can take any exogenous changes in any parameter at any time into account. This makes Zhang's analysis much more robust. As in Zhang's model the economy produces physical goods and services. The production side follows the neoclassical growth theory (Solow 1956; Uzawa 1961 Uzawa , 1963 Takayama 1985; Galor 1992; Azariadis 1993; Cremers 2006; Herrendorf and Valentinyi 2006; Li and Lin 2008; Stockman 2009; Jensen and Lehmijoki 2011 
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Service sector
The service sector employs three inputs, capital 
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Choice between wealth and land
This study assumes that land is owned by households. There are different approaches with regard to determination of land prices and rents (Kanemoto 1980; Campbell and Mankiw 1989; Zeldes 1989; Case et al., 2005; Iacoviello 2005; Iacoviello and Neri 2010; Mian and Sufi 2010; Liu et al. 2011; and Oikarinen 2014) . We use   L p t to denote the price of land. Consider now an investor with one unity of money. He can either invest in capital goods thereby earning a profit equal to the net own-rate of return  , r t or invest in land, thereby earning a profit equal to the net own-rate of return     / .
L R t p t
As we assume capital and land markets to be at competitive equilibrium at any point in time, the two options must yield equal returns, i.e.
L R t r t p t (6)
Behaviour of households
For simplicity, we use lot size to stand for housing (Davis and Heathcote 2007) . Consumers decide consumption levels of goods and services, housing, and how much to save. This study uses the approach to consumers' behaviour proposed by Zhang (1993) . We denote physical wealth by   
The representative household's disposable income is
The disposable income is used for saving and consumption.
The household spends the disposable income on the lot size  , 
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This equation implies that the household's disposable income is entirely distributed between consumption and savings. The utility function,  , 
, j t and    0 j t are a typical household's utility elasticity of lot size, services, industrial goods, and savings. We call
j s propensity to consume housing, to consume services, to consume industrial goods, and to hold wealth, respectively.
Maximizing   j U t subject to the budget constraint (10) implies
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This equation simply implies that the change in wealth is the saving minus dissaving.
Balance of demand for and supply of services
The demand for and supply of the service sector's output balance at any point in time is
All the land owned by households
The land owned by the population is equal to the national available land
Full employment of capital
We use   K t to stand for the total capital stock. We assume that the capital stock is fully employed. We have
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The value of physical wealth and capital
The value of physical capital is equal to the value of physical wealth
Full employment of labour force
We assume that labour force is fully employed
The land market clearing condition
Land is for residential use and service production
We have thus built the model. The model is structurally a unification of the Walrasian general equilibrium and neoclassical growth theory and Zhang's approach to household behaviour.
THE DYNAMICS OF THE ECONOMY
Before showing that we can compute the plot the motion of the system with initial, we introduce a new variable
The following lemma provides a computational procedure for plotting the motion of the dynamic system.
Lemma
The motion of the economic system with J types of household is governed by the following J nonlinear differential equations 
The parameter values are time-independent. We will make some of these parameters to be oscillatory to see how the dynamic system reacts. The population of groups 1, 2, and 3 is 5, 10, and 20, respectively. The level of human capital of groups 1, 2, and 3 is 2, 1.5, and 1, respectively. Group 1 ( 3 ) has the smallest (largest) population size and highest (lowest) human capital. The groups also have different preferences. The initial conditions are specified as
0 0.14, 0 12, 0 6.2. z a k
The motion of the economic system is plotted in Figure 1 .
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Figure 1. The Motion of the Economic System
In Figure 1 ,   Y t stands for the national product, defined as
Y t F t p t F t R t l t N
From Figure 1 we see that the initial values of the land rent and price of services are fixed higher than their long-term equilibrium values. The two variables fall over time. The output levels of the two sectors fall. The national product falls over time.
The wealth levels of groups 1 and 3 fall, while Group 2' s wealth level rises slightly. Group 1' s lot size is reduced, Group 2' s lot size is increased, and Group 3' s lot size is slightly affected. Simulation finds the following equilibrium values of the variables 
1.27, 0.22, 0.14, 0.07. Hence, the equilibrium point is stable. The existence of a unique stable equilibrium point is important as we can effectively conduct comparative dynamic analysis.
COMPARATIVE DYNAMIC ANALYSIS
We plotted the motion of the economic system in the previous section. We now study the effects of changes in some parameters on the motion of the economic system. Zhang (2014) shows how the system reacts to a once-and-for-all change in parameters. This section shows how the system reacts to time-dependent changes in parameters. For convenience we consider the parameters in (20) as the longterm average values. We make small perturbations around these long-term values.
Fluctuations in group 1's human capital
Relations between human capital and economic growth are emphasized in modern economic theory and empirical research. Although this study is not concerned with endogenous growth of human capital, we examine what will happen if group 1's human capital experiences the following fluctuations:
The impacts on the variables are plotted in Figure 2 . National output, the industrial sector's output and labour input experience large fluctuations. Group 1's wage rate oscillates more strongly than the other two groups' wage rates. It is interesting to note that the oscillations in group 1's human capital have weak impact on the group's per household wealth and consumption levels of goods and services.
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Figure 2. Fluctuations in Group 1's Human Capital
Fluctuations in the output elasticity of industrial sector capital
We now examine the case in which the output elasticity of the industrial sector capital experiences the following fluctuations:
The simulation results are plotted in Figure 3 . The oscillations in the output elasticity of industrial sector capital the cause fluctuations in the total wealth, the output levels and the two input factors of the two sectors. The changes in the parameter also cause oscillations in the rate of interest, land value, land rent, wage rates, and the price of services. The land distribution is not affected.
Figure 3. Fluctuations in the Output Elasticity of Industrial Sector Capital
Fluctuations in the depreciation rate of physical capital
In both theoretical and empirical business cycle studies, only a few studies investigate fluctuations of capital depreciation rates as the cause of economic fluctuations. Nevertheless, it is reasonable to expect that depreciation rates will vary over time and that these changes will affect the paths of economic development. We now examine the case where the depreciation rate of physical capital fluctuates as follows:
The simulation results are shown in Figure 4 . The changes in the depreciation rate of capital have almost no impact on the land distribution, even though the land value and rent experience fluctuations. As the rate of interest fluctuates, the land value and rent oscillate their long-term trends. The changes in the depreciation rate cause fluctuations in the total wealth, the output levels and the two input factors of the two sectors. The changes also cause oscillations in the wage rates and have weak impact on the price of services. The fluctuations in the depreciation rate cause oscillations in the households' wealth and consumption levels of goods and services.
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Figure 4. Fluctuations in the Depreciation Rate of Physical Capital
Fluctuations in the total factor productivity of the industrial sector
Oscillations in the total factor productivity of the industrial sector are specified in the following way t       1.2 0.05sin . 
A t t
The simulation results are plotted in Figure 5 . The changes in the parameter have a slight effect on the land distribution. The oscillations in productivity cause fluctuations in the total wealth, the output levels and two input factors of the two sectors. The changes in the parameter also cause oscillations in the rate of interest, land value, land rent, wage rates, and the price of services. Although group 1's per household wealth and consumption levels of goods and services are weakly affected, the other two groups' household wealth and consumption levels of goods and services are more strongly affected.
Figure 5. Fluctuations in the Total Factor Productivity of the Industrial Sector
Fluctuations in group 1's propensity to consume services Different preferences of different households are important for analysing economic equilibrium and structure in the Walrasian general equilibrium theory. Nevertheless, the Walrasian theory does not contain proper economic mechanisms for analysing the effects of changes in one type of households on national economic growth, nor wealth and income distribution among different households. As our analytical framework integrates the economic mechanism of the Walrasian general equilibrium theory and neoclassical growth theory, in principle we can analyse the effects of a change in the preference of any people on the dynamic path of economic growth. We now allow group 1's propensity to consume services to fluctuate as follows:
The simulation results are plotted in Figure 6 . The land distribution experiences oscillations. The oscillations in the preference have a weak impact on the national output and total wealth, but cause fluctuations in the output levels and the two input factors of the two sectors. The changes in the parameter also cause slight oscillations in the rate of interest, land value, land rent, wage rates, and the price of services. Group 1's per household consumption of services is strongly affected.
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Figure 6. Fluctuations in Group 1's Propensity to Consume Services
Oscillations in group 1's propensity to save
We now study the impact of the following fluctuations on group 1's propensity to save:
We plot the simulation results in Figure 7 . All the macroeconomic variables fluctuate around their long-term trends. The land distribution fluctuates. It should be noted that the fluctuations in group 1's wealth are small. 
CONCLUSIONS
This paper showed economic oscillations due to periodic changes in some parameters in the economic model proposed by Zhang (2014) . The paper generalized Zhang's dynamic model by allowing all the time-independent parameters to be time-dependent. This makes Zhang's model more robust, as it can deal with exogenous time-dependent shocks. The model describes the relationship between growth and inequality in a two-sector growth modelling framework. The production side consists of one service sector and one industrial sector. Land is distributed between service production and residential use. The basic economic structure is based on the Walrasian general equilibrium theory. The wealth accumulation is based on the Solow-Uzawa neoclassical growth theory. We used an alternative utility function proposed by Zhang to describe the behaviour of households. We simulated the model to demonstrate the existence of equilibrium points, the motion of the dynamic system, and oscillations due to different exogenous shocks. Although this study analysed land value and rent in a general dynamic economic model, the following directions by Feldstein (1980: 317) remain for future research: "It would clearly be desirable to extend the current model by developing an explicit theory of portfolio equilibrium for investors who hold land, gold, bonds, and equity shares. The real yields on these assets would be linked because they are all dependent upon future changes in expected inflation. As a further step, the analysis should recognize that the effect
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of inflation on each individual's demand for each asset depends on that individual's own tax situation." It is a great challenge to develop a far more general economic theory that includes a "theory of portfolio equilibrium for investors who hold land, gold, bonds, and equity shares" in a general dynamic equilibrium theory that treats value determinants of depreciating and nondepreciating assets within a consistent framework with endogenous accumulation of wealth, environment and different resources. Although the paper has many limitations such as specified Cobb-Douglass production and preference functions and simplified economic structures, its merit is that it provides insights that can hardly be obtained from traditional growth theories. 
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